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“Trén budc duong thanh cong khong cé ddu chén ciia ké lwoi biéng.”
Bai 1. Giai phuong trinh
lx =2| + vVx2+x+2=3.
Loi gidi. Vix2 4 x + 2 > 0 v6i moi sd thuc x nén phuong trinh ludn xéc dinh. Xét cac trudng hop sau.

e Trudng hdp 1: x > 2. Liic nay, phuong trinh c6 thé viét lai thanh

VX2 +x+2=5—-x.

Tir day, ta c6 x < 5vax? +x + 2 = (5 — x)?. Gidi ra, ta duge x = 22

e Trudng hdp 2: x < 2. Liic nay, phuong trinh c6 thé viét lai thanh

Vx2+x+2=x+1

T day, taco x > —1 vax? + x + 2 = (x + 1)2. Gidi ra, ta dugc x = 1.

Vay tap nghiém cua phuong trinh la| S = {1, %} . O]

Bai 2. Ta goi mot tam gidc 1a tam gidc dep néu do dai ba canh ctiané bang n, n + 2 van + 4, trong dé n 1a
s6 nguyén duong nao d6. Héi, c6 bao nhiéu tam gidc dep ¢ chu vi khong vugt qua 100?

Loi giai. DEn, n + 2 van + 4 1a dd dai ba canh ctia mot tam gidc thi ta phai c6n +n + 2 > n + 4, hay
n > 2. Mat khéc, tam giac dudc tao thanh c6 chu vi khong vuot qua 100 nénn +n + 2 +n + 4 < 100, tu
d6 n < 31. Nhu vay, n 13 s6 nguyén duong thude pham vi tit 3 dén 31. C6 29 gia tri n nhu vay. Do d6, c6
tam gidc dep théa man yéu cau deé bai. [

Bai 3. Cho hai s6 thuc x, y phan biét théa man x — v/x + 1 = y — \/y + 1. Tinh gid tri ctia biéu thiic

T=vx+1+y+1

Loi giai. Tu gia thiét, ta c6

x/x—i-l—\/y+1:x—y=(x+1)—(y+1)=(«/x—i—l—\/y-l-l)(x/x—i-l—i-\/y—i-l).
Vivx +1—/yF1#£0nénT =Vx+1+/yF1=]1. O

Bai 4. Tim tt ca cdc gia tri ctia tham s a sao cho phuong trinh x? — 30x 4 a = 0 ¢6 hai nghiém thuc phan
biét x1, x, thod man x; = x3.

Lai giai. DE phuong trinh da cho c¢6 hai nghiém thuc phan biét thi biét thiic A’ ctia n6 phai duong, tir do
a < 225. Ap dung dinh ly Vieta, ta c6

X1+ x5, =30, x1x, =a.

Vi x; = x3 nén x3 + x, = 30. Phuong trinh nay c6 nghiém duy nhit x, = 3. Dod6é a = x;x, = x5 = 81
(thda man). Vay a = 1a gia tri duy nhit thda man yéu cau. O



Bai 5. Cho hinh vudng ABCD canh 1. Pudng tron (O) di qua diém D va tiép xdc v6i hai canh AB, BC
nhu ¢ hinh duéi day. Tim ban kinh cta duong tron (O).

A B

——

Lai giai. Goi E 1a tiép diém ctia dudng tron (O) va duong thing BC. Khi d6, dé thiy tam gisc BEO vuong
can tai 0. Suy ra BO = v20E = +20D.
A B

—

D (o}

Vi BD = 2AB = /2 va BD = BO + OD = (ﬁ+1)0Dnén0D= 2 = 2— /2. Vay bin

kinh ctia dudng tron (O) bang |2 — /2 . O]

Bai 6. X4c dinh s6 chit s6 diing truéc dau phay trong biéu dién dudi dang s thap phan ctia sd

A= +10%0 + 1.

Lai gidi. Rorang A > v/10% = 100va A < /1020 +2- 1010 1 1 = /(1010 + 1)2 = 10'® + 1. Do d6
10'° 12 s6 nguyén 16n nhit khéng vudt qua A. SO chit s6 clia sb nay chinh bang s6 chit sé diing trude diu
phdy trong bi€u dién thap phan ctia s6 A. Do d6, c6 tat ca | 11 | chil sb6 ditng truc diu phay trong biéu dién
thap phan cta sb A. ]
Bai 7. Hai doi co thi diu v6i nhau, mdi dau thi cia doi ndy thi diu ding mot van v6i mdbi dau thd cia doi
kia. Biét rang, tong sd van ¢ hai doi phai diu gip 5 lan tdng s6 dau thi clia ca hai doi. Hoi, tong sb dau thi
cla hai ddi c6 thé 1a bao nhiéu?

Loi gidi. Goi x 13 s6 dau thi cia doi thit nhit va y 14 s6 diu thi cia doi thd hai (x, y 13 cac s6 nguyén
duong). Khi d6, tdng sd van cd hai doi phai diu 1a xy. Theo gii thiét, ta c6
xy =5(x +y), (1)

hay
(x =5)(y —5) =25. (2)

Tir (1), ta dé thy xy > 5x nén y > 5. Tuong tu, ta cling c6 x > 5. Khong mat tinh téng quat, gia st
x =y > 5. T (2), ta thiy c6 hai trudng hop c6 thé xay ra.
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e Trudng hop 1. x —5 =25, y —5 = 1. Trong trudng hop nay, ta cé x = 30 va y = 6 nén téng s
dau thd cda hai doi 1a 36.

e Trudng hop 2. x —5 =5, y —5 = 5. Trong trudng hop nay, tacé x = 10 va y = 10 nén téng sd
déu thti cda hai doi 1a 20.

Tém lai, tdng s6 dau thi ctia hai doi c¢6 thé 12 | 36 hoic 20|, O

Bai 8. Hai ban Minh va Chau c6 mot s6 tién nhu nhau, va mdi ban déu dung hét sb tién ctia minh dé€ mua
cam, tdo. Mdi qua cam c6 gia 6000 dong, mdi qua tdo c6 gid 8000 dong. S6 qua cam va sb6 qui tdo Minh mua
bang nhau; s6 tién dung mua cam va sd tién dung mua tdo ctia Chau bang nhau. S6 cam va tdo Minh mua it
hon s6 cam va tdo Chau mua 1 qua. Héi truée khi mua, mdi ban ¢6 bao nhiéu tién?

Loi giai. Goi x 12 s6 qua cam ma Minh mua (x 12 s6 nguyén duong). Khi d6, tdng sé cam va tdo Minh mua
1a 2x; téng s6 tién Minh va Chau c6 ban dau déu 12 6000x + 8000x = 14000x (dong). Suy ra sb tién dung
mua tdo ciing nhu s6 tién dung mua cam ctia Chau déu 1a 7000x (dong). Tir d6, téng sd cam va tdo Chau da

mua la 760(?(?(;‘ + 780(?(?(;‘ = %x. Theo dé bai, ta co %x = 2x + 1, do d6 x = 24 (théa man). Vay trudc khi

mua, mdi ban c6 tdng cdng sb tién 1a 14000 - 24 = | 336000 (dong) | O

Bai 9. Cho a, b 1a céc sb thuc sao cho hai phuong trinh 2x2 + ax + 2 = 0 va x2 + bx + 10 = 0 c6 nghiém
thyc chung. Tim gid tri nhd nhit ctia |a + b].

Loi giai. Goi m la nghiém chung cua hai phuong trinh da cho. R6 rang m s 0. Tur hai phuong trinh, ta tinh
duge a = =242 vy ) = —m*+10 g g6

412
m|

3m? + 12
|a+b|='

St dung bit dang thiic AM-GM, ta c6 3m? + 12 = 3|m|? + 12 > 12|m|. Tt d6 suy ra
la + b| = 12.
Déu déng thiic x4y ra chang han khim = 2, a = —5va b = —7. Viy gid tri nhd nhit cta |a + b| 1a . ]

Bai 10. Trong hinh duéi diy, ABCD 1a hinh vudng canh 2, dudng tron (O) c6 ban kinh 1 va tiép xiic véi
BC tai trung diém BC, M 12 mot diém di dong trén (O). Tim gid tri 16n nhét ctia AM.
A B

N

D C

Loi gidi. Goi N latrung di€ém ctia doan 4 B. St dung dinh ly Pythagoras, tacé AO =+ AN2+ ON2=+/10.

A B
M
N
o
D C

St dung bit dang thiic tam gidc, tacé AM < AO + OM = /10 + 1. Diu déng thiic xay ra khi M 13 diém
xa A nhit trong hai giao diém ctia AO va (0). Vay gid tri 16n nhat ctia AM 1a| /10 + 1|, O




1+/5
2

Bai 11. Cho céc s6 nguyén a, b, ¢ théa min % + (% + é = @, trong d6 ¢ = . Tinh gia tri biéu thiic

S=2a+b+c.

Lai giai. Dé dang chitng minh dugc ¢ — ¢ — 1 = 0, ti d6 suy ra

l=(p—1, Lz: 1—122—¢), %:l—%:2g0—3.

Y % % % Y 9
Gia thiét ctia bai toan c6 thé dudc viét lai thanh a(¢p — 1) + b(2 — @) + c¢(2¢ — 3) = @, hay

(a—b+2c—1)p =a—2b+ 3c.
Via—2b+3clasbhitutinén (a —b +2c —1)p ciinglasdéhituti. Ma g lasé votivia —b +2¢ —11as6
httutinéna —b +2c = 1. Tudda — 2b 4+ 3¢ = 0. Vay
S=2a+b+c=5a—b+2c)—3(a—2b+3c)=5. O

Bai 12. Cho tam gidc ABC c6 AB = AC = 5; BE va H 1a dudng cao va truc tim cia tam gidc d6. Biét
raing CE = 1, tinh do dai doan AH.

B C

Loi giadi. Goi F 1a trung diém ctia doan BC. Dé thy hai tam gidc BEC va AFB dong dang vdi nhau (g-g)
nén ¢ = 48 — 248 Ty 46 BC = +/10. Tur day, st dung dinh ly Pythagoras, ta tinh dugc

V1
AF = ~AB? — BF? = ¥

A

H

B F (o

Hai tam gidc AHE va ABF ddng dang v6i nhau (g-g) nén 42 — 48 Ty AH = ABAE _[4J10| ]

Bai 13. Xét cic s6 nguyén x, y thay ddi thda man 3x + 5y = 7. Hoi, biéu thitc S = |x| + |y| dat gi4 tri
nhd nhit tai cdc gid tri ndo clia x va y?

Loi giai. Gia thiét ciia bai todn c6 thé dudc viét lai thanh 3(x + 1) = 5(2 — y). Suy ra x + 1 chia hét cho 5.
bitx + 1 =5a véia nguyénthitac62—y =3a. Tudox =5a—1,y =2—-3ava
S =|5a—1|+|3a —2|.

V6ia =0,tac6S =3.V6ia=1,taco65¢—1=24>3nénS > 3.V6ia <—1,tac61—5a = 6 > 3nén
S > 3. Tom lai, trong moi trudng hgp, ta c6 min § = 3, dat dugc chi tai @ = 0. Mot cach tuong Gng, ta co
‘ (x, y)=(-1,2) ‘ 12 bo s6 duy nhat ma biéu thic S dat gid tri nhd nhét tai do. O




A

Bai 14. Trong mit phang toa dd Oxy, cho mdt dudng “sd tdm” nhu trong hinh dudi day (dudng dudc to
dam). Biét rang, diém M (x, y) thuoc dudng d6 khi va chi khi x* = 100(x? — y?). Hdi, c6 bao nhiéu diém
nguyén thudc dudng d6? (Diém nguyén la diém co cd hoanh do va tung dé déu la cdc s6 nguyén.)

y

Loi giai. Goi V(a, b) 12 mot diém nguyén thudc dudng “s6 tam” di cho. Khi do, ta c6
a* =100(a® — b?).

Suy ra a* chia hét cho 100, tit d6 a chia hét cho 10. Pit a = 10c¢ véi ¢ nguyén, ta dugc
100c* = 100c* — b2,

hay
b? = 100c%(1 — c?).

Vi b? = 0 nén c2(1 — ¢?) = 0. K&t hop vé6i ¢ nguyén, ta dugc ¢ € {—1, 0, 1}. Tir day, ta dé dang suy ra
(a, b) € {(=10, 0), (0, 0), (10, 10)}. Vay c6 tat ca | 3| diém nguyén thudc duong “sd tim”. O
Bai 15. V6i mdi s6 nguyén duong n, ky hiéu n* = % néunlévan* = 5 néu n chan. Cho s6 nguyén
duong m thoéa min diéu kién

(((m*)*)*)* = 100,

Tim cic sb du c6 thé trong phép chia m cho 11.

Loi giadi. Pitm = 11x + r v6i x, r la cdc sd tunhién vi r < 11. Do (16, 11) = 1 nén theo dinh ly Bézout,
ton tai hai s6 nguyén duong ¢ va u sao cho 16¢ — 11u = r (chang han, chon t = 97 + 11 vau = 13r + 16).
Khido,tacom =r = 16t (mod 11).

Néu m 18 thi ta c6 2m* = m + 11 = 16¢ (mod 11), suy ra m* = 8¢ (mod 11). Néu m chin thi ta c6
2m* = m = 16t (mod 11) nén m* = 8 (mod 11). Tém lai, ta ludn c6 m* = 8¢ (mod 11). Chiing minh
tuong tu, ta cling c6 (m*)* = 4t (mod 11), ((m*)*)ﬁk = 2¢ (mod 11) va (((m*)*)*) =t (mod 11). Tu
gia thiét,tac6 ¢ = 100 = 1 (mod 11). Suyram = 16t = 16 = 5 (mod 11). Vay m chia 11 du . O

Bai 16. Viét tich ctia 100 s6 nguyén duong dau tién dudi dang 5¢ - b, trong d6 a, b 1a cic sd nguyén duong
va b khong chia hét cho 5. Tim s6 du trong phép chia b cho 5.

Loi giai. Liy thita ctia 5 trong phan tich thira s6 nguyén to ctia 100! 1a LI%OJ + L%J =24.Dod6a = 24.

! ! N ,
Vib = 1% = 2% néntacd

hb=(1-2-3-4-6-7-8-9)(11-12-13-14-16-17-18-19)---(91-92-93-94-96-97 - 98 - 99) x
x(1:2:3:4-1-6-7-8-9-2-11-12-13-14-3-16-17-18-19-4)
=(1-2-3-4-6-7-8-9)(11-12-13-14-16-17-18-19)---(91-92-93-94.96 - 97 - 98 - 99) x
x(1:2:3-4-6-7-8-9)(11-12-13-14-16-17-18-19)(1-2-3 - 4).

Véichiyrang...1-...2-...3-...4-...6-...7-...8-...9=1 (mod 5), tacéd
b=12%.(1-2-3-49 =4 (mod 5).
Vay b chia 5 du 4], O



Bai 17. Cho dudng tron (O, R) va hai dudng kinh AB, CD vudng géc v6i nhau. Trén doan OA liy diém
X khong trung véi O, A. DX cat (O) tai diém thi hai K; KB cat CD tai Y. Pit AX = a, tinh do dai

OY theoa va R.

Loi giai. St dung dinh ly Pythagoras, ta tinh dugc BD = +/20B = R+/2 va

&U

DX = y/OD? 4+ 0X2 = \/R> + (R—a)? = v2R2—2Ra + a?.

£

\U

D
Hai tam gidc BXD va K XA dong dang véi nhau (g-g) nén gg = %. Suy ra
4k AX - BD _ V2aR
DX ~ J2R?—2Ra ta®
Tur day, st dung dinh ly Pythagoras, ta tinh dugc
2a?R? 2R(2R —
BK = VAB? — AK? = ,[4R? — ‘ _ _V2R@R-a)
2R? —2Ra+a?> /2R2—2Ra + a?
Hai tam giac BOY va BK A dong dang v6i nhau (g-g) nén 4% OY = Ilg. Suy ra
R
oy - AK-0B _ Jz;afzaw‘R_ aR
KB _s2RCR-a)  2R-a’
V2R2—2Ra+a?
Viy OY = |45 | O

@)



Bai 18. Tim tét ca cac sd nguyén n > 8 d€ co thé dién chin s6 1, 2, 3, 4, 5, 6, 7, 8, n vao chin 6 vudng con
clia bang 3 x 3 (6 mdi 6 chi dién mot s0), sao cho céc tdng clia ba s6 cing hang bing nhau.

Loi giai. Tir gia thiét, ta thdy tong tAt ca cac sb trén bang phai chia hét cho 3. Tong tit c4 cic sd trén bang 1a
36 4+ n. Suy ra n chia hét cho 3.

Khong mét tinh téng quat, gia st n dugc dién vao hang thi nhat. Khi d6, tdng céc s6 & hang thif nhit khong
nhd hon n + 1 42 = n + 3, con tdng céc sd 6 hang thi hai khong vudt qua 6 + 7 + 8 = 21. Vi tdng céc s6 &
mdi hang 12 nhu nhau nénn +3 < 21, suyran < 18. Man = 9van chiahétcho3nénn € {9, 12, 15, 18}.

V6in = 18, tdng cdc sb trén mbi hang bang 1233¢ = 18, suy ra hai s6 con lai ciia hang thd nhat phai c6 tong

bang 0, mau thudn. Vi n = 15, tdng céc s6 trén méi hang bang 12336 = 17, suy ra hai 6 con lai ciia hang
thif nhét phai c6 téng bang 2, mau thudn. V6i n = 9 van = 12, hai cich dién sb sau théa man yéu cau dé bai.

1509 1]3 |12
3|43 2|68
267 4|5 |7
Vay|n € {9, 12} | [

Bai 19. To6 mau tit ci cdc sb tu nhién, tif 2 dén 100, nhu sau.
e Budc 1: T6 tit ca cac udc khong nhd hon 2 ctia 100 bdi mau xanh.

e Budc 2: Véi cac sb chua dude td mau sau budc 1, td mdi s, 12 boi clia it nhat mot sé6 da dudc to
xanh, bGi mau do.

e Budc 3: To tit ca cac sb, chua dudc td mau sau 2 budc trén, bdi mau vang.

Hoi, c6 bao nhiéu s6 dugc td mau vang?

Loi giadi. Saubuée 1, cac sd 2, 4, 5, 10, 20, 25, 50, 100 dudc td mau xanh (c6 tt ca 8 s6). Do dé, sau budc
2, tit ca céc s6 chiin va cdc s6 12 bdi clia 5 (trit cac s6 dugc vira dudc liét k&) duge to mau do. Trong céc sb tu
nhién tir 2 dén 100, ¢6 | 192 | + [ 120 — | 290 | = 60 s 1a boi clia 2 hodc 5. Nhu vay, c6 60 sd dugc to bdi
mau xanh hodc do. Tt d6 suy ra, c6 99 — 60 = s6 dudc to mau vang. [

Bai 20. Cho bang 6 vudng kich thuéc 4 x 4. Hoi, ¢6 bao nhiéu cach dién basd 1, 2, 3 vao cac 6 vuong con
ctia bang (8 mbi 6 chi dién mot s6), sao cho tich ctia 4 sd ciing hang bat ky, ciing nhu cling cot bat ky, bing 6?

Loi giai. DE thuc hién dudc yéu ciu bai todn, ta chi can xép bdn sd 2 va bbn sb 3 vao cac 6 tréng clia bang,
mdi & mot s6 sao cho khdng c6 hai s6 2 nao ciing nhu khong c6 hai s6 3 6 ciing hang hoic cling cdt, cic 6
trong con lai ta chi viéc dién s 1 1a xong. Pau tién, ta c6 4! cach x&p bbn s6 3 vao bdn 6 tréng ciia bang sao
cho khong c¢6 hai s6 3 nio  cuing hang hoic cing cot.

Tiép theo, ta s& xép bdn s6 2 vao bang. O cot diu tién ctia bang (tinh tir trai sang), ¢6 3 cach xép mot sb 2 vao
cac 0 trong clia bang do da c6 mot 6 dudc xép sb 3. Khi s6 2 niy dudc xép vao bang, ta thiy c6 mot cot ma sb
3 dugc xép vao ciing hang véi s& 2 nay. O cot nay, c6 3 cach xép mot sb 2 vao cdc 6 trbng ciia né. Dbi véi hai
cot con lai, c6 1 cach xép hai s6 2 vao cac 6 trong ciia hai cot nay dé€ théa man yéu cau. Nhu vay, c6 tt ca
3-3-1 = 9 cich xép cic sb 2 vao bang sau khi céc s6 3 dugc xép xong.

T6m lai, s6 cach xép thda man yéu cau dé baila4!-9 =216, O



