L3I GIAI DE TOAN CHUYEN LGP 10/2018
THPT CHUYEN KHTN

Tran Nam Diing - V6 Quéc B4 Can — Nguyén Lé Phudc — Nguyén Manh Linh

1. Dé thi

Bai 1.
a) Giai hé phuong trinh:

xy(x +y) =2,
2+ 4+ x4+ 7+ D(y + 1) =31.

b) Giai phuong trinh:
9+ 3y/x(3—2x) = 7/x + 543 —2x.

Bai 2.

a) Cho x, y la cic s6 nguyén sao cho x? — 2xy — y va xy — 2y2 — x déu chia hét cho 5.
Chitng minh rang 2x2 + y2 4+ 2x + y ciing chia hét cho 5.

b) Cho ay, as, ..., ase 1a céc sb nguyén thébaman 1 < a; < a; < --- < aso < 50 va
a, + a, + -+ + aso = 100. Chiing minh ring tif cac s6 di cho, ta c6 thé chon dudc mot
vai s6 6 tdng bang 50.

Bai 3. Cho ngii gidc 16i ABCDE ndi tiép dudng tron (O) c6 CD song song véi BE. Hai duong
chéo CE va BD cat nhau tai P. Piém M thudc doan thezlng BE sao cho ZMAB = ZPAE.
Piém K thudc duong thang AC sao cho MK song song véi AD, diém L thudc dudng thang
AD sao cho M L song song vii AC. Pudng tron ngoai tiép tam gidc K BC lan lugt cit BD, CE
tai O, S (Q khac B, S khac C).

a) Ching minh ring ba diém K, M, Q thang hang.

b) Pudng tron ngoai tiép tam gidc L DE 1an lugt cat BD, CE tai T, R (T khic D, R khac
E). Chiing minh rang nim diém M, S, Q, R, T cung thuéc mot dudng tron.

c) Ching minh ring dudng tron ngoai tiép tam gidc P QR tiép xic véi dudng tron (O).

Bai 4. Choa, b, c 1a c4c sb thuc duong. Chiing minh ring

ab be ( 1 1 )
+ + <2.
a+b b+c Ja+b b +c
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2. Ldi giai va binh luan cac bai toan
Bai 1.
a) Giai hé phuong trinh:

xy(x +y) =2,
x3 -|—y3 -|—x3y3 +7(x+ )(y +1) =31.

b) Giai phuong trinh:
9+3y/x(3—2x) =7/x + 53 —2x.

Loi gidi. a) Pita = x + y vab = xy (a? > 4b). Hé phuong trinh c6 th€ dugc viét lai thanh

ab =2,
a®>—3ab+b*+7(a+b+1)=31.

Tu do, ta co
31=a*—-3ab+b>+7@@+b+1)

=(a+b)*—3ab(a+b)+7@@+b)+1
=(@+b)P’+(@+b)+1.

Suyra (a+b)3+(a+b)—30 = Ohaya+b = 3 (vindua+b > 3thi (a+b)>+(a+b)—30 > 0,
connéua + b < 3thi(a +b)3 + (a +b) —30 <0).

Giéi hé phuong trinh @ + b = 3 vaab = 2 v6ichi y a®> > 4b, tadudca = 2 vabh = 1. Tu d6
dé dang tinh dugc x = y = 1. VAy hé phuong trinh da cho c6 nghiém duy nhét (x, y) = (1, 1).

b)Diéukién:Ofxf %.Déta = .J/xvab=+3—-2xthitacéa, b >0va2a®+ b*=3.

Ngoai ra, tif gia thiét, ta cling c6
9 + 3ab = 7a + 5b. (1)

Tu do, ta cod
2a% 4+ b%? + 3ab + 6 = Ta + 5b,

hay
(@a+b—-2)2a+b-3)=0.

Suyrab =2—ahoach =3 —2a.

e V6ib = 2 — a, thay vao (1), ta dugc 9 + 3a(2 — a) = 2a + 10. Giai phuong trinh nay, ta
dugc a = 3 (tuong ing, b = 2 vax = 5) hodca = 1 (tubng tng, b = 1 vax = 1).

e VGi b = 3 —2a, thay vao (1), ta dugc 9 + 3a(3 — 2a) = 7a + 5(3 — 2a). Giai phuong
trinh nay, ta dugc a = 1 (tuong ung, b = 1 vax = 1).

Vay phuong trinh da cho ¢6 nghiém ai nghiém la x = 5 vax = 1. O
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Bai 2.

a) Cho x, y la cdc s6 nguyén sao cho x2 — 2xy — y va xy — 2y2 — x déu chia hét cho 5.
Chiing minh ring 2x2 + y2 + 2x + y ciing chia hét cho 5.

b) Choay, ay, ..., ase lacac s nguyén thbaman 1 < a; <a; <--- <aso < 50va
a, + az + -+ + aso = 100. Chiing minh rang tu cac sb da cho, ta c6 thé chon dudc
mot vai s6 ¢6 téng bing 50.

Loi gidi. a) Tir gid thiét, ta suy ra (x + y)(x =2y — 1) = (x> = 2xy — y) + (xy —2y* = x)
chia hét cho 5. Do do, trong hai s x + y va x — 2y — 1 ¢6 it nhat mot so chia het cho 5.
e Néu x + y chiahétcho 5thitacéd y = —x (mod 5), suy ra
0=x>—2xy—y=x?+2x>4+x=xBx+1) (mod 5).
Do d6 x hét cho 5 hoic x chia 5 du 3.

o Néu x chia hét cho 5 thi ta ciing c6 y chia hét cho 5 (do x + y chia hét cho 5) nén
hién nhién 2x2 + y2? 4 2x + y chia hét cho 5.

o Néu x chia 5 du 3 thi y chia 5 du 2 (do x + y chia hét cho 5) nén
2x2 4+ Y2 +2x4+y=2-3>42242.342=0 (mod 5).
e Néux —2y — 1 chiahétcho5thitacéx =2y + 1 (mod 5), suy ra
0=x>-2xy—y=Q2y+1)2>-2y2y+1)—y=y+1 (mod>5).
Do d6 y chia 5 du 4 va x ciing chia 5 du 4 (do x — 2y — 1 chia hét cho 5). Tt d6, ta c6
224+ Y2 42x+y=2-4°4+424+2.44+4=0 (mod 5).

Tém lai, trong moi trudng hop, ta luon c6 2x2 + y2 + 2x + y chia hét cho 5.
b) Néu ton tai chisén (1 <n < 50)saochoa; + as + -+ + a, = 50 thi két luan ctia
bai toan 1a hién nhién.
Xét trudng hop nguoc lai, khi d6 ton tai chisé n (1 < n < 49) sao cho
a,+a,+:--+a, <49, a;+a,+: -+ an4+1 > 51. (1)
Tur day suy ra a, 41 > 2. Ta xét hai trudng hgp sau.
o Truong hop 1: a,,q =2.Tu(1),déthiya, +a, +--- +a, = 49, suyra
Apt2 + Ant3 + -+ + aso = 49.

Néun <24thidoa; < aninr,ar < Any3, ..., 0 < dopiq NéN

49 =a1+ar+---+an <any2+anys+---+aomt1 < dant2+anss+---+as9+aso,

mau thuin. Vay n > 25, suy ra

49 =a,+a, +---+a, > na; > 25a,.

Tu day,tacdéa; <2néna, =1.Dodéay +---+a, =48vaa, + -+ a,+1 = 50.
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e Truong hop 2: a,4+1 > 3. Lic nay, do
Apy2 +any3 + -+ +aso =100 — (ay +az + -+ + apy1) < 49 (2

nén 49 > (49 —n)ay4> > (49 —n) - 3, suy ran > 33. Do do, ta c6

49> (a1 +---+aie) + (@17 + -+ an) =16 + (n — 16)a;; = 16 + 17a,7,
suyraay;; <2.Mal <ay; <a, <---<ay;vaa;lacac sb nguyén nén
ai=a,=---=ap; = 1.

o Néua,y, <18,dita, +ar+---+anr 1 =50+ kvéik € Z, k > 1,tacé

18> ay41 > (B0+k)—49 =k + 1,

suyrak <17. Tuday,tacéax+1 + -+ a1 =50via; =a =--- =ax = 1.

o Néua,,, > 19, tli (2) va tix gia thiét, ta c6
49 > (49 —n)an4r > (49 —n) - 19,
suyran > 47. Tuday, tacéa; = a, = -+ = ass = 1, vinéu ass > 2 thi
(@14 + @ag) + (@as £ +ay) > 44+ (1 — 44)ays > 44 + (47— 44) -2 > 49.

bata,,1 =50—k (k€ Z,0 <k <31).Khido,tacéa; +---+ ax + an+1 = 50
viay =a, =---=ap = 1. O

Bai 3. Cho ngil gidc 16i A B C D E ndi tiép dudng tron (O) c6 C D song song véi BE .
Hai dudng chéo CE va BD cat nhau tai P. Piém M thudc doan thang BE sao cho
/MAB = ZPAE.Piém K thudc dudng thang AC sao cho M K song song véi A D,
diém L thudc dudng thang A D sao cho M L song song véi A C. Pudng tron ngoai tiép
tam giac KBC lan lugt cit BD, CE tai O, S (Q khac B, S khac C).

a) Ching minh ring ba diém K, M, Q thang hang.

b) Puong tron ngoai tiép tam gidc L D E 1an lugtcat BD, CE tai T, R (T khac D, R
khic E). Chiing minh rang nim diém M, S, Q, R, T clng thuoc mot dudng tron.

c) Chiing minh ring dudng tron ngoai tiép tam gidc P Q R tiép xic vdi dudng tron (O).

Loi gidi. a) Do cédc ti gilc BCQOK va BCDAnditiépnén /CKQ = Z/CBQ = ZCAD,
suyra KQ | AD. Mitkhéc, talaicé MK | AD nénbadiém K, M, Q thing hang.

b) Chitng minh tuong tu nhu ciu a), ta ciing cé ba diém R, M, L thiang hang.
Taco6 MQ || ADnén ZRMQ = ZRLD = ZRTD, suyratd giac RT M Q noi tiép.

Chiing minh tuong tu, ta ciing c6 tf gidc R M S Q noi tiép. Do d6, nim diém M, T, R, Q, S
cung thudc mdt duong tron.
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c) Goi G 1a giao diém thit hai clia dudng thang A M va dudng tron (0). Tacé MR || AC
nén /ZRMG = ZCAG = ZCEG, suy ra ti gidc RM E G noi tiép.
Chiing minh tuong tu, ta cling c6 ti gidc Q M B G ndi tiép. Ta c6

/ZRGQ = ZRGM + /QGM = LREM + ZQBM

= 180°—- LZBPE =180°— ZRPQ

nén ti gidc R P QG nodi tiép. Bay giv, goi I 1a giao diém thi hai ctia dudng thang A G
va dudng tron (P QR), X la giao diém thi hai ctia dudng thang A P va dudng tron (O).
Taco LBAM = LEAP va LZBAC = ZEAD (do BCDE la hinh thang can) nén
/CAG = LXAD,suyraZCDG = ZXGD. Tudo, taco6 GX | CD.

Do XG || CD nén ti giac G C D X la hinh thang can,ma PC = PD nén PG = PX. Ta
¢6/RPI =/RGI = /REB = /RCDnén PI | CD hay PI || GX.

Ké tiép tuyén Gy ctia (0). Tacd LXGy = L XAGVva/PGX = Z/PXG = ZAPI nén
/GIP = /GAX + ZAPI = /XGy + /PGX = /PGy.

suy ra G y 1a tiép tuyén ctia dudng tron (G I P). Do d6 G y 1a tiép tuyén chung clia cic dudng
tron (O) va (GI P). Vay dudng tron (P Q R) tiép xiic v6i dudng tron (O) tai G. ]

Bai 4. Cho a, b, c lacic sb thuc duong. Ching minh ring

\/ab +\/ be ( 1 N 1 )<2 (1)
a+b b+ c Ja+b Vb+c) T
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Loi giai. St dung cac bit dang thic Cauchy-Schwarz va AM-GM, ta c6
VTa) < ()2 (=42 4 e (!
™= a+b  b+tc a+b  b+c
_ 5 a n c b n b
B a+b b+c)\a+b b+ec

- a n c . b n b
“\a+b b+c a+b b+ c

= 2.

Ta c6 diéu phai chitng minh. Pang thifc xay ra khi vachikhia = b = c. O]

Binh ludn. Ngoai cich trén, ta ciing c6 thé giai bang cach khac nhu sau: St dung bat dang thiic
AM-GM, ta co

VT _«/E ab be Vbe
m = "Veaxnvtro Vaxbhbteo b

+ b
+1 a n b +1 b ! c +1
2\a+b b+ c 2\a+5b b+ ¢ 2

IA
N N =
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