LGOI GIAI DE THI LGP 10/2019 MON TOAN
SO GIAO DUC DAO TAO HA NOI

Tran Nam Diing — Vo Quéc Ba Cén

1. Dé thi
Bai 1 (2.0 diém). Cho x > 0 va x # 25. Xét hai biéu thic

4 4(Vx+1)
25—x

va

= (55 v ) e

a) Tinh gid tri cta bi€u thic A khi x = 9.

b) Ruit gon biéu thic B.

c) Tim tit c4 cdc gia tri nguyén cla x dé€ bi€u thic P = AB dat gia tri nguyén 16n nhat.
Bai 2 (2.5 diém).

a) Hai doi cong nhan cing 1am chung mot cong viéc thi sau 15 ngay 1am xong. Néu doi thi
nhit 1am riéng trong 3 ngay rdi diing lai va doi thi hai 1am tiép cong viéc d6 trong 5 ngay
thi ca hai doi hoan thanh dudc 25% cong viéc. Hdi, néu mdi ddi lam riéng thi trong bao
nhiéu ngay mdi xong cong viéc trén?

b) Mot bon nude inox c6 dang hinh tru véi chiéu cao 1, 75 m va dién tich ddy 1a 0, 32 m?. Hdi,
bdn nudc nay dung diy dudc bao nhiéu mét khdi nudc? (Bé qua bé day ctia bon nudce.)
Bai 3 (2.0 diém).
a) Giai phuong trinh
x*—7x*—18 =0.
b) Trong mit phang toa d Oxy, cho dudng thang (d) : y = 2mx —m? + 1 (m 1a tham s6
thuc) va parabol (P) : y = x2.

i) Ching minh ring (<) ludn cit (P) tai hai diém phan biét.
i) Tim tit ca céc gid tri ctia sd thuc m d€ (d) cit (P) tai hai di€ém phan biét c6 hoanh

A PP | 1 _ 2
do x1, x, thoa man o + 5= Trn +1
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Bai 4 (3.0 dié?m). Cho tam gidgc ABC c6 ba géc nhon (AB < AC) noi tiép dudng tron (O).
Hai dudng cao BE va CF cia tam gidgc ABC cat nhau tai diém H (E thudc CA, F thudc AB).

a) Ching minh ring bén diém B, C, E, F cung thuoc mot dudng tron.
b) Chiing minh ring dudng thang OA vuong géc véi dudng thang EF.

c) Goi K la trung diém ctia doan thang BC. Puong thang AO cat duong thang BC tai diém
I, dudng thang EF cit duong thang AH tai diém P. Ching minh ring tam gidc APE
ddng dang véi tam gidc AIB va dudng thang K H song song v6i dudng thang I P.

Bai 5 (0.5 diém). Cho a, b la céc sb thuc thay d6i tha man a2 + b2 + ab = 3. Tim gid tri 16n
nhét va gia tri nhd nhét ctia biéu thiic

P =a*+b*—ab.
2. Ldi giai va binh luan cac bai toan

Bai 1 (2.0 diém). Cho x > 0 va x # 25. Xét hai biéu thic

4 4(V/x+1)
25 —x

va

b= (li:f+ ﬁ2+5)+ ﬁ:

a) Tinh gia tri cta bi€u thic A khi x = 9.
b) Riit gon biéu thic B.

c) Tim tit cd cdc gia tri nguyén cta x dé biéu thic P = AB dat gia tri nguyén 16n nhét.

Lgi gidi. a) Véix = 9, tacod

4(~/§+1)_4(3+1)_16
25—-9 16 16

= 1.

b) Vé6i x > 0 va x # 25,taco

B:[ 15-vx 2 };\/}+1:15—ﬁ+2(\/‘—5)‘\/‘—5
(VXx=5)(v/x+5) x+5| Jx-=5 (Vx=5)(Vx+5) Jx+1
_ VX +5 V-5 1
T (VE=5)(VE+5) Va1l S+

c) V6ix > 0vax # 25 taco
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Dé P dat gi4 tri 16n nhét thi ta chi can xét trudng hop P > 0, tic x < 25. Suy ra x < 24 (do
x e€Z). Tudo,tac625—x >25—-24 =1.Suyra

4

P =
25 —x

4
<- =4
-1

Déu dang thic xay ra khi va chi khi x = 24 (thda man diéu kién x4c dinh). Vay P dat gia tri
nguyén 16n nhét 12 4. O

Bai 2 (2.5 diém).

a) Hai doi cong nhan cung 1am chung mot cong viéc thi sau 15 ngay lam xong. Néu doi
thd nhét 1am riéng trong 3 ngay roi diing lai va doi thit hai 1am tiép cong viéc d6 trong
5 ngay thi ca hai doi hoan thanh dugc 25% cong viéc. Hoi, néu mdbi doi lam riéng thi
trong bao nhiéu ngay mdéi xong cong viéc trén?

b) Mot bon nudc inox cé dang hinh tru v6i chiéu cao 1, 75 m va dién tich day la
0, 32 m?. Hoi, bon nuéc nay dung day dugc bao nhidu mét khdi nuée? (Bé qua bé
day ctia bon nuéce.)

Lai giai. a) Goi x (s6 phan cong viéc/ngay) 1a ning suét lam viéc clia doi cong nhan thd nhat va
y (s6 phan cong viéc/ngay) 1a ning suét 1am viéc clia doi cong nhan thit hai. Khi do, x, y > 0.
Do hai doi cung lam chung thi sau 15 ngay la xong nén ta co

I15(x +y) =1,

hay
1

Ciing theo dé bai, néu ddi thit nhit 1am riéng trong 3 ngay roi diing lai va doi thi hai 1am tiép
cong viéc do trong 5 ngay thi ca hai doi hoan thanh dudc 25% cong viéc. Tu do suy ra

1
3x + 5y = —. (2)

4
Liy (2) — (1), tadugc 2y = ; —+ = 55. Suyra y = 5 (s6 phin cong viéc/ngay), tit d6 ta
coOx = % —y = % = 2—14 (s6 phan cong viéc/ngay). Vay, néu lam riéng thi doi cong nhan

thd nhit mat 24 ngay dé hoan thanh cong viéc, con ddi cong nhan thit hai mét 40 ngay dé hoan
thanh cong viéc.

b) Do bon nuéc c6 dang hinh tru véi chiéu cao 1, 75 m va dién tich ddy 12 0, 32 m? nén thé
tich ciabon nuéc 12 1,75 - 0,32 = 0, 56 (m?). Tir d6 suy ra bdn nudc da cho cé thé dung
dﬁy dudc 0, 56 mét khdi nudc. O]
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Bai 3 (2.0 diém).

a) Giai phuong trinh
x*—7x* - 18 =0.

b) Trong mit phing toa dd O xy, cho dudng thang (d) : y = 2mx — m? + 1 (m 1a
tham s6 thuc) va parabol (P) : y = x2.

i) Chiing minh ring (d ) ludn cit (P) tai hai diém phan biét.
ii) Tim tit ca cc gid tri ctia sd thuc m d€ (d) cit (P) tai hai diém phan biét c6

5 A > s 1 1 2
hoanh d6 x{, x» thoamanx + 5 ="t 1

Ldi giai. a) Phuong trinh ludn x4c dinh v6i moi x € R. Ta viét lai phuong trinh dudi dang
x* 4+ 2x%—9x* - 18 =0,
hay
x2(x?+2)-9(x*+2) = 0.
Mot cach tuong duong, ta co
(x2 4 2)(x?>=9) = 0.

Dox2+2>0v6imoi x € Rnéntacoé x> = 9, hay x = £3. Vay phuong trinh di cho c6
hai nghiémla x = 3 vax = —3.

b) i) Xét phuong trinh hoanh do giao di€ém cua (d) va (P):

x2=2mx —m? + 1,
hay
(x —m)? = 1.

Phuong trinh nay c6 hai nghiém phan biétla x = m + 1 vax = m — 1. Do d6 (D) ludn cit
(P) tai hai diém phan biét.

ii) Do vai trd clia x1 va x, la nhu nhau nén khong mét tinh tdng quat, ta c6 thé gid si x; = m + 1
va x, = m — 1. D& thda min yéu ciu ciia d& bai, trudc hét cac phan thiic trong dang thic
L 4+ L =2 1 1 phdicénghia, tic ta phdi c6 x1x, # 0, hay m # +1.

X1 X2 X1X2

Bay gio, véim # £1, taco

1 1 xi1+x2  2m
X1 Xy  X1X,  m2—1
va
1= +1_m2—3
X1X2 o om?2-—1 Com2 -1

Do d6, yéu cau ctia bai todn dugc théa man khi m? — 3 = 2m, hay m? — 2m — 3 = 0. Tiic
taphdicéd (m + 1)(m —3) = 0.Dom # +1néntacé m = 3. Viy c6 duy nhat mot gid tri
m thoéa man yéu cau dé baila m = 3. O
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Bai 4 (3.0 diém). Cho tam gidc A BC c6 ba géc nhon (AB < AC) ndi tiép dudng
tron (O). Hai dudng cao BE va C F cta tam gidc A B C cat nhau tai diém H (E thudc
CA, F thuoc AB).

a) Ching minh rang bén diém B, C, E, F cung thudc mot dudng tron.
b) Chiing minh ring dudng thing O A vudng goc vdi dudng thang E F.

c) Goi K la trung diém ctia doan thang B C. Duong thing A O cit dudng thang B C
tai diém I, duong thang E F cit duong thang A H tai diém P. Chiing minh ring
tam gidac A P E ddng dang véi tam gidc A 1B va dudng thang K H song song Vvéi
duong thang I P.

Ldi giai. a) Do BE la dudng cao ké tif B cia tam giac ABC nén BE L AC, suy ra
ZBEC = 90°. Do d6 E thudc duong tron dudng kinh B C. (1)

Ching minh tuong tu, ta ciing c6 F' thudc duong tron duong kinh B C. (2)
T (1) va (2), tasuy rabdn diém B, C, E, F cung thuoc dudng tron dusng kinh B C.

b) Do OA = OC (ban kinh cta (O)) nén tam giac AOC cén tai O. Suy ra ZOAC = LACO.
Ma ZACO + ZOAC + ZAOC = 180° va LZAOC = 2/ABC (tinh chit géc ndi tiép) nén

180° — ZAOC _ 180° —2/ABC
2 N 2

Mt khac, theo chiing minh trén, t gidc BCEF ndi tiép nén ZCEF 4+ ZABC = 180°. Lai c6
LZCEF + ZAEF = 180° nén

LOAC = = 90° — ZABC. (3)

/ZABC = ZAEF. (4)
Tu (3) va (4), tasuy ra
Z0AC + ZAEF =90° — ZABC + ZABC = 90°.

Do d6 OA L EF.

c) Do céc dudng cao BE va CF ctia tam gidc ABC cit nhau tai H nén H 1a truc tAm tam gidc
ABC.Suyra AH L BC. Tudétaco LPAE + ZACB = 90°, hay

/PAE = 90° — ZACB. (5)
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Theo két quéa cau b), tacé OA L EF. Do d6
ZIAB =90° — ZAFE.
Mat khac, ching minh tuong tu nhu (4), ta cing ¢c6 ZAFE = ZACB. Do d6
/ZIAB =90° — ZACB. (6)

Két hop (5) va (6), ta suy ra
/ZPAE = /IAB. (7)

Hai tam gidgc APE vi AIB ¢6 ZABC = LAEP (theo (4)) va ZPAE = /IAB nén dong
dang vdi nhau (g-g).
Bay gid, do AAPE «~ AAIB nén

AP AE ®)

Al AB’
Goi D la giao diém thif hai ctia AO va duong tron (0). Khi d6 AD 1a dudng kinh ctia (O) nén
taco LZDCA =90°,suyra DC L. AC.Ma BE 1 AC néntac6é DC || BE.
Chiing minh tuong tu, ta cling c6 BD || CF. Do do6, ti giac BD CH 1a hinh binh hanh. Ma K Ia
trung diém ctia BC nén ta cling ¢6 K 1a trung diém cta HD. 9

Hai tam giac DBAva HEA c6 /DBA = ZHEA = 90° va ZHAE = ZDAB (theo (7)) nén
dong dang vé6i nhau (g-g). Suy ra

AH AE
—_— = (10)
AD AB
Tu (8) va (IQ), ta suy ra ’j—f = ﬁ_g' Ap dung dinh ly Thales dio cho tam gidc ADH, ta ¢
IP || DH. Kéthgp véi (9), tasuy ra I P || KH. Bai toan dugc chiing minh xong. O

Bai 5 (0.5 diém). Cho a, b 1a cic sb thuc thay di théa man a® + b% + ab = 3. Tim gid
tri 16n nhat va gid tri nho nhét cta biéu thiic

P =a* + b* —ab.

Loi giai. Do a? + bh?> =3 —abnéntacod
P =a*+ b* = (@*> + b?) — 2a*b*> —ab = (3 — ab)® — 2a*b* —ab = 9 — Tab — a*b>.

Suy ra
4P = 36 —28ab — 4a*b?® = —(2ab + 7)% + 85.

Bay gio, do (a + b)? > 0 va (a — b)? > O nén ta cé
34ab=a*+b*>+2ab>0

va
3(1 —ab) =3 —3ab = a® + b* —2ab > 0.
Suy ra
—3<ab<1.
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Tu day, taco 1 <2ab +7 <9.Suyral < (2ab + 7)*> < 81. Tt d6, ta c6
84 = —1+85>4P > —81 +85 =4,
hay
21> P > 1.
Bit dang thiic bén trai x4y ra diu dang thic xay ra khi va chi khi a = —b, a®> + ab + b? = 3,
tuc (a, b) € {(«/_ —«/§) , (_ﬁ, ﬁ)} . Bat dang thiic bén phai xay ra diu dang thiic xay

ra khi va chi khia = b, a® + b%? + ab = 3, tic (a, b) € {(l, 1), (-1, —1)}. Vay ta c6 két luan
max P =21l vamin P = 1. OJ
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